Capillary driven flow is a famous problem in fluid dynamics which dates back to Léonardo da Vinci (Libri 2016). In this paper, we apply an analytic approximation method for highly nonlinear problems, namely the homotopy analysis method (HAM), to a model of the meniscus movement in a uniform vertical circular tube. Convergent explicit series solution is successfully obtained. Our results agree well with the numerical results given by the symbolic computing software Mathematica using six-order RungeKutta methods. More importantly, our analytic solution is valid in the whole region of physical parameters, and therefore can predict whether the path of liquid is monotonic or oscillatory. This kind of solution, to the best knowledge of the authors, has never been reported in the past, which might greatly deepen our understandings about capillarity.
Introduction
Capillarity is one of the most usual phenomenon in nature, which has received wide attention from researchers (Bosanquet 1923; Sparrow et al. 1964; Batchelor 1967; Blake & Haynes 1969; Fisher & Lark 1979; Jeje 1979; Joos et al. 1990; Ichikawa & Satoda 1994; Duarte et al. 1996; Romero & Yost 1996; Weislogel & Lichter 1998; Quéré et al. 1999; Hamraoui et al. 2000; Zhmud et al. 2000; Hall & Hoff 2007; Higuera et al. 2008; Fries & Dreyer 2009; Mullins & Braddock 2012; Cai et al. 2012; Bush 2013; Shardt et al. 2014; Fazio & Iacono 2014; Lade et al. 2017) . The first quantitative treatment of capillary action was attained by Young (1805) and Laplace (1805) , who derived the famous Young-Laplace equation of capillary action that describes the capillary pressure difference sustained across the interface between two static fluids due to the surface tension. After that, the boundary conditions governing capillary action was given by Gauss (1830).
The dynamics behavior of meniscus is primarily determined by the balance between the inertia of the fluid, the capillary driving force, the weight of the liquid and the resisting viscous forces. The model characterizing rise dynamics of a liquid in a vertical circular tube is as shown in Fig. 1 , where r denotes the radius of the vertical circular tube and g is the acceleration due to gravity, θ represents the dynamic contact angle between the surface of the liquid and the wall of tube, σ denotes the surface tension coefficient, respectively. The first comprehensive investigation of the capillary rise dynamics dates back to Bell & Cameron (1906) , Lucas (1918) and Washburn (1921) , who considered the capillary flow in a cylindrical tube of radius r and presented the rate of penetration as dh dt = P (r 2 + 4ǫr)
where t is the time for a liquid of dynamic viscosity µ and slip coefficient ǫ to penetrate a distance h into the capillary under the driven pressure P . However, in the initial stage, i.e., t → 0, h → 0, dh/dt → ∞ can be derived from Eq. (1.1), which is obviously contrary to natural phenomenon. Since then, a set of nonlinear differential equations were presented basing on different considerations of inertial force, entrance effect and dynamic contact angle, etc.
Brittin (1946) The process of capillary rise in a circular cylindrical tube can be divided into several stages (Stange et al. 2003; Fries 2010) . At the beginning, the viscous effect is insignificant so that the first stage can be regarded as purely dominated by inertial forces of the initially accelerated liquid mass. By neglecting the viscous and the gravity term, h ∝ t 2 is found in this stage (Dreyer et al. 1994; Stange et al. 2003) . With the influence of viscosity increases, the inertia dominated flow gradually evolves into viscous flow. Detailed analysis of the transition from inertial to viscous flow can be found in the papers of Stange et al. (2003) , Fries & Dreyer (2008b) and Fries (2010) . Subsequently, the effect of inertia vanishes and the flow becomes purely viscous. By neglecting both the influence of inertia and gravity, h ∝ √ t can be derived in the purely viscous time stage (Lucas 1918; Washburn 1921) . After that, the purely viscous flow enters in the viscous and gravitational time stage. the analytic solutions in this stage (neglecting inertia) in implicit and explicit forms are given by Washburn (1921) and Fries & Dreyer (2008a) respectively. At end, the equilibrium height or Jurin height 2σ cos θ/(ρgr) (Jurin 1717) , where meniscus stops, is determined by the balance of gravity and surface tension force. It is worth mentioning that the oscillatory path of liquid in a capillary was also found in experiments (Quéré 1997; Stange et al. 2003) . For a defined liquid and capillary tube, a critical value for capillary radius was suggested by (Hamraoui & Nylander 2002; Masoodi et al. 2013) , below which the oscillation disappears. Besides, the imbibition dynamics depends on the shape of free surface as well (Tani et al. 2015) . A universal law h ∝ t 1/3 was found when liquid rises into corners of different geometries (Ponomarenko et al. 2011) or into short pillars with rounded edges, but dynamics is found to follow h ∝ √ t when liquid rises into long pillars with sharp edges. In addition, Siebold et al. (2000) found that the contact angle depends strongly on the rising velocity.
Various experiments have been done to observe the behaviors of capillary action and to confirm the validity of theories. But unfortunately most of them fail to cover the complete process. The first experiments (Bell & Cameron 1906; Washburn 1921; LeGrand & Rense 1945) were performed under normal gravity condition with small tube diameter, however only the h ∝ √ t behavior was observed. After that, Siegel (1961) carried out free fall experiments in a low-gravity (including zero-gravity) environment with different tube diameters, and successfully observed the h ∝ t behavior. Subsequently, Dreyer et al.
(1994) performed a drop tower experiment, which verifies their theory that the capillary rise process is divided into three successive stages with at the beginning h ∝ t 2 , then h ∝ t, and ultimately h ∝ √ t. These three regions later were verified by Stange et al. (2003) who performed experiments under micro-gravity environment by using a 4.7s drop tower. Moreover, Stange et al. (2003) gave a detailed analysis of why many experiments can only observe part of behavior. Stange et al. (2003) considered two characteristic time scales t 1 ∝ ρr 3 /σ, t 2 ∝ r 2 /ν and the Ohnesorge number Oh = ρν 2 /(σd) and the Bond number Bo = ρgr 2 /σ, and then proposed that the three phases of capillary rise process are separated by t 1 and t 2 which are determined by Oh and the inertia of the liquid. In more detail, if t 1 and t 2 are small (corresponding to large Oh which often happens in ground experiment), only h ∝ √ t behavior can be easily observed; but if wider tubes were used (corresponding to smaller Oh which mainly happens in microgravity experiments, i.e., Bo → 0 ), then h ∝ t and h ∝ t 2 behavior can be observed.
Here, it is worth mentioning that, up to now, above equations characterizing the capillary action are mainly solved by numerical methods. For instance, a LatticeBoltzmann method based on field mediator was proposed by Wolf et al. (2010) to simulate the capillary rise between parallel plates. Sometimes, researchers will neglect certain individual terms in different flow regimes so as to obtain analytic solutions (Hamraoui & Nylander 2002; Fries & Dreyer 2008a) . Besides, although a double
was employed by Brittin (1946) and Xiao et al. (2006) and also their obtained series approximations agree well with numerical results as well, however they only considered the real r 1 and r 2 . In other words, their series approximations cannot describe the oscillatory path of liquid in a capillary. A Taylor's series solution and a perturbation method with perturbation quantity Bo = ρgr 2 /σ were ever obtained by Sun (2017) for this problem, but unfortunately, Sun (2017) found that the rate of convergence of both solutions is extremely slow and thus useless for practical application. Although Sun (2017) proposed an analytic approximate solution to improve the convergence, the solution could not properly predict the oscillatory path of liquid in a capillary found in experiments (Quéré 1997; Stange et al. 2003) . Therefore, convergent analytic solutions of this problem, which are valid in the whole region and for different pathes (monotonic or oscillatory) of liquid in a capillary approaching the equilibrium position, have never been obtained until now, to be best knowledge of authors.
In this paper, an analytic approximation method, namely the homotopy analysis method (HAM), is employed for this problem. Unlike perturbation methods, the HAM is independent of any small/large physical parameter. Especially, the HAM provides To render the study self-contained, the paper is organized as follows. Following an introduction, asymptotic property at t → +∞ of the rise dynamics is given in § 2.
Procedures of the HAM for the capillary action are presented in § 3. Four cases including the monotonic and oscillatory path are considered in § 4. Concluding remarks are given in § 5.
Asymptotic property
We consider the singularity-free model proposed by Maggi & Alonso-Marroquin (2012):
subjects to the boundary conditions
The dimensionless form of Eqs. (2.1) and (2.2) read
where N denotes a nonlinear operator, subjects to boundary conditions
with the definition
(2.5)
Before we apply the HAM, let us firstly analyze the asymptotic property of z(τ ) as
in which ε is a small quantity. Then substituting (2.6) into Eq. (2.3) and let the coefficient of ε be zero, we have
The solution of (2.7) reads 8) in which a 1 and a 2 are constant coefficients, and
Obviously, η 1 and η 2 are real when √ 16B 2 − A − 1 0, this means that f (τ ) approaches 1 exponentially as τ tends to infinite. But if √ 16B 2 − A − 1 < 0, the path of f (τ ) approaching 1 is oscillatory since there exist imaginary numbers in η 1 and η 2 . According to these information, we introduce the following transformation
Then it is easy to know 12) since u c is a function of u. Besides, u c = 1 when u = 1. Using (2.10) and (2.11), Eqs. (2.3) and (2.4) transform to 13) subjects to boundary conditions 14) where N 1 is a nonlinear operator.
The explicit series solution given by the HAM approach
Assume that w(u) can be expressed as
where a m,n is a constant coefficient to be determined. This provides us a so-called "solution expression" of w(u) in the frame of the HAM. Besides, let γ 0 (u) denote the initial guess of w(u), which satisfies the boundary conditions (2.14). Moreover, let L denote an auxiliary linear operator with the property L[0] = 0, c 0 a non-zero auxiliary parameter, called the convergence-control parameter, and q ∈ [0, 1] the embedding quantity, respectively. Then we construct a family of differential equations
2) subject to boundary conditions Using (3.4), Γ (u; q) can be expanded into following Maclaurin series
where
in which
is called the mth-order homotopy-derivative of f . Assume that the auxiliary linear operator L and the convergence-control parameter c 0 are so properly selected that the Maclaurin series (3.6) is convergent at q = 1, then according to (3.5), we have the socalled homotopy-series solution
(3.9)
Substituting (3.6) into the zeroth-order deformation equations (3.2), and then equating the coefficient of q m (m 1), we have the mth-order deformation equation 10) subjects to boundary conditions Here D m is defined by (3.8). Note that γ 0 (u) should satisfy the boundary conditions (2.14). According to the solution expression (3.1), we choose
as the initial guess of w(u). Besides, it is easy to find that there are no u and u c in δ m (u),
i.e., δ m (u) is made up of u m u n c , in which m + n > 1. So we choose following auxiliary linear operator
Then the corresponding inverse linear operator satisfies
Using the initial guess (3.14) and the inverse linear operator (3.16), the solution γ m (u)
of the linear high-order deformation equations (3.10) and (3.11) can be easily obtained step by step, starting from m = 1, say, are constant coefficients which are determined by the boundary conditions (3.11). Actually it is found that γ m (u) can be expressed as follows: (3.18) with the recursion formula of a (m) i,j :
The M th-order homotopy-approximation of w(u) reads
As long asΓ M (u) is known, it is straightforward to gain the corresponding M th-order homotopy-approximation solutionz M (τ ) of Eqs. (2.3) and (2.4) by using transformation (2.10).
In order to characterize the accuracy of the HAM, we define following squared residual
where N is defined by (2.3). Obviously, the smaller the squared residual error ǫ, the more accurate the HAM approximation.
Results
Without loss of generality, let us consider the liquid to be diethyl ether with property
, the wetting angle θ = 26
• and acceleration due to gravity g = 9.8m · s −2 . Note that according to (2.9), the critical value reads r c ≈ 0.23mm, corresponding to 16B 2 − A − 1 = 0, above which the path of liquid in the capillary is oscillatory. So we consider four cases r = 0.1mm, 0.2mm, 0.3mm, 0.4mm respectively in this section so as to illustrate the validity of our explicit series solution given by the HAM for this problem.
Note that there is an unknown auxiliary convergence-control parameter c 0 in (3.17), which provides us a convenient way to guarantee the convergence of homotopy-series solution (3.9). It is found that different cases share the same convergent region c 0 ∈
[−1, 0), and the same optimal convergence-control parameter c 0 = −1 (corresponding to the minimum squared residual error ǫ). Using c 0 = −1, convergent results can be easily obtained, as shown in Table 1 -4. Here, it is worth mentioning that the smaller the radius of circular tube r is, the slower the rate of convergence is, as shown in Table 1 -4. This is understandable since for a rather thin tube, corresponding to a small r, the acceleration at the initial stage will be very large and hence the behavior of liquid will change a lot in a pretty short time. In order to well describe this stage, higher order approximations are therefore needed. The comparisons between the homotopy-series solution and the m, order of approx. Em zm(1/4) zm (1) zm (5) zm ( Table 2 . Analytic approximations of z(τ ) in Eq. (2.3) in the case of r = 0.2mm, given by the HAM using the convergence-control parameter c0 = −1.
numerical results given by the symbolic software Mathematica using six-order RungeKutta methods are as shown in Fig. 2 . It is found that our results agree very well with numerical results no matter the path of liquid in a circular tube approaching the final equilibrium position is monotonic or oscillatory. This illustrates that our explicit series solution is convergent and valid for all cases.
In the case of r = 0.1mm, corresponding to the monotonic path of liquid in a capillary, Table 3 . Analytic approximations of z(τ ) in Eq. (2.3) in the case of r = 0.3mm, given by the HAM using the convergence-control parameter c0 = −1.
m, order of approx. E zm(1/4) zm(1/2) zm (1) zm (2) zm (4 Table 4 . Analytic approximations of z(τ ) in Eq. (2.3) in the case of r = 0.4mm, given by the HAM using the convergence-control parameter c0 = −1.
the homotopy solution series γ m reads By contrast, in the case of r = 0.4mm, corresponding to the oscillatory path of liquid in a capillary, the homotopy solution series γ m reads 
Concluding remarks
In this paper, we applied an analytic approximation method, namely the homotopy analysis method (HAM), to the rise dynamics of a liquid in a vertical circular tube. By means of the HAM, explicit series solution is successfully obtained which is valid for all cases no matter the path of liquid is monotonic or oscillatory. To the best knowledge of the authors, this kind of explicit series solution has never been reported previously.
This further demonstrates the validity and superiority of the HAM over other traditional analytic approximation methods.
Here, it should be emphasized that unlike perturbation method, the HAM is independent of any small/large physical parameter. More importantly, the HAM provides us great freedom to choose appropriate basis functions, the auxiliary linear operator L and the convergence-control parameter c 0 . It is this kind of freedom that allows us to choose such basis function (3.1) which can describe both monotonic and oscillatory path, as shown in (4.1) and (4.2). As a result, our explicit series solution is valid for all cases whether the path of liquid is monotonic or not. Besides, our approach is very simple to use. All of these might deepen our understandings and enrich our knowledge about capillarity.
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Appendix A. The recursion formula of a
Here, we prove that γ m (u) can be expressed as (3.18) and also derive the recursion formula of a (m)
i,j in (3.19).
According to (3.14) and (3.18), it is easy to gain a is defined by (3.19).
